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Abstract

This is the continuation of the paper named part I, where a three-dimensional model of combustion for forest fires
has been derived. In this study the link between two-dimensional reaction diffusion models of propagation and three-
dimensional combustion modelling is examined. By the way of an asymptotic analysis with the ratio of the height of
vegetation to a characteristic size of the forest as small parameter, it is shown that two-dimensional models can be
considered as inner expansion of general models. A hierarchy of three models is obtained and the simplest, which cope
with drying, pyrolysis, wind and slope is simulated. Some of the features of real fires are obtained with this simplified

model. © 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

In the paper [20] designated as part I we have derived
a complete set of equations for the propagation of forest
fires. To be useful this model need to be solved nu-
merically. But first let us quickly recall the different
approaches for modelling forest fires. Roughly speaking
one can separate them in: cellular automata, envelop
model, semi-empirical models, physical models. The
following description is partly inspired from the one of
Weber [26].

The cellular automata models [1,6,9,13,22], consist in
modelling the forest as a set of nodes on a generally
square lattice. The nodes can be in three states: un-
burned, burning or burnt. A probabilistic transition law
involving the state of the node and the states of the
neighbouring nodes governs the evolution of the auto-
mata. With these kind of models, which have simple
rules, and give fast computation, one can introduce the
interesting concept of percolation. Above the critical
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occupation density the fire propagates to infinity, under
this value the fire will extinguished. The critical density is
an index of danger, which is a very useful information.
However these models cannot produce genuine quanti-
tative simulations, and there is no tentative to rely the
transition law on some physical parameters defining the
state of the forest.

The envelop model [16-18,21] is a geometrical model
depending on three parameters. This model relies on the
following ideas, under the action of wind and slope in a
uniform forest, the front fire, coming from a source
point, propagates as an ellipsis. Then between time ¢ and
t + dt, all point of the fire front are source points and the
fire front at time ¢ + d¢ is the envelop of all these ellipses.
Once the parameters have been fitted, this model pro-
duce realistic scenarios of propagation. It fails to work,
if the fire front enclosed a non-convex domain. And here
again there is no relation between the geometrical
parameters and the physical balance laws and physical
parameters of the forest.

The semi-empirical models, see [5,19] relies on cor-
relation obtained in the laboratory added to a more or
less simplified local balance of energy. They give a rel-
atively fast computation, and estimate the propagation
and the intensity of fires. Up to now there is no simi-
larity rules for forest fire, which means that it is difficult
to infer experimental results if the range of parameters
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Nomenclature

d occupation density, dimensionless

J flux of mass diffusion, kg m=> s~

K* internal mass transfer from phase j toward
phase k, kg m™ 5!

L spectral intensity, W m~> sr!

P pressure, Pa

Q heat flux, W m™>

0, puissance produced by chemical reaction
number i, W kg™

R, chemical reaction source term, W m™>

Sa saturation of solid or fluid elements,
dimensionless

T temperature, K

\Y% velocity, m s™!

w molar mass, kg kmol ™!

X7k puissance transfer from phase j toward phase
k, Wm™

Y mass fraction, dimensionless

Greek symbols

&P porosity of the wood as a porous medium,
dimensionless

K permeability tensor, m

p mass density, kg m™

9 total stress tensor, N m~

T viscous stress tensor, N m2

2

2

{0 porosity of the vegetal phase in the particle of
vegetation, dimensionless

W rate of mole production, kmol m™ s~

; rate of mass production of the species number
i, kgm™ s

Q space region

Superscript

- variable above the vegetation layer

Subscripts

c char

F gaseous fuel

f fluid phase

g gas in porous vegetal
i ith gas species

=
=

generic subscripts for gas or porous
phase

liquid (water)

oxygen

residues of combustion

porous phase (vegetal)

radiation term

solid phase

tar

vapour

wood

variable under the vegetation layer

£<Hv "0 mO—

is not exactly the one involved in laboratory exper-
iments.

All the preceding modelling fall in the class of
“propagation models”, as they aim to predict the po-
sition of the front flame.

The equations in physical models relies on the bal-
ance laws of physics. Some of these models are “pos-
tulated”. Generally a two-dimensional system of
reaction diffusion equations modelling the main pro-
cesses is written [15,23,25] and the numerical simulations
of these models are tractable. Another class of modelling
has appeared that we could call “complete physical
models™ [10,12,20]. They aim to describe as faithfully as
possible the combustion of vegetation. The vegetal fuel
is described as an equivalent continuous medium. The
system of equations for these models is much more
complex by the number of processes described and also
because they are three dimensional. The model that we
derive in the part I belongs to this combustion model
class. The question of the numerical simulation of such
models is not yet resolved, the size of the corresponding
codes should be of the same order than those of
meteorology. Of course, the numerical simulation of
such models will provide to firemen the needed infor-
mation as the position of the fire front. So as to perform

tractable simulations, such complete physical models
should be reduced.

In this paper we will try to relate complete physical
models to two dimension reaction diffusion models. The
main idea is that at a certain length scale L (distance
from the fire front, size of a developed fire) the height
of the vegetation ¢ is such that the ratio §/L=c¢ is a
small parameter, and the vegetation appears as a
boundary layer. Indeed one can proceed to an asymp-
totic expansion using matched asymptotic expansion
technique. The expansion inside the vegetation appears
as the inner expansion, while the expansion outside the
vegetation is the outer expansion. We will derive the
inner expansion and consider the outer expansion as a
parameter, in order to obtain a hierarchy of two-di-
mensional models. The models that we obtain are es-
sentially reaction diffusion models. The simplest model
is then simulated, it seems to capture some of the fea-
tures of a real fire. This paper is structured as follows:
Section 2 is devoted to the presentation of the three-
dimensional models. In Section 3, the expansion is
made and three reduced possible models are obtained
with an increasing order of complexity. Section 4 is
devoted to the simulation of the model number one
obtained in Section 3.
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2. Three-dimensional model of combustion in the vegetal
stratum

2.1. Forest fire description

In the part I, we have proposed a complete three-
dimensional combustion model, where the whole forest,
i.e., vegetation and gases, occupies a stratum and is
described as an equivalent medium at macroscopic level.
The assumptions for deriving this model were the fol-
lowing: The forest at the mesoscopic scale can be con-
sidered as a porous medium, with porosity @. This
porous medium, called vegetal phase, is composed of
two phases: the first phase is the vegetation or p-phase
(i.e., trunks, branches, twigs, leaves ...), denoted by
index p and the second phase is a gaseous phase, or f-
phase, denoted by index f, containing steam air and
gases obtained after pyrolysis and combustion. One can
consider that the main process in forest fire are heat
transfer by radiation and convection, and the hydrody-
namics of gas which allows to bring the oxygen
necessary to the combustion and that the main effects of
this heat transfer are drying of the vegetation, vegetation
pyrolysis and pyrolysis flammable gases combustion that
produce heat. This leads to forest fire propagation. (see
Fig. 1 for the definition of the different scales and pro-
cesses).

The p-phase, considered itself as a porous medium is
constituted of a solid component with index s, a liquid
component (water) denoted by the index 1, and a gas
constituent made of flammable gas denoted by the index
F, steam denoted by the index v. The mass density of
this gaseous phase is denoted by Pe, > and the mass

fraction of the gaseous species i is denoted by Y, . The
porosity of the p-phase is &P.

Among solid constituents of the p-phase there are
cellulose, hemicellulose and lignin. For sake of simplicity
we group the above constituent as lumped “wood”
species denoted by the index w and its mass densities is
Py,- Wood will be decomposed during pyrolysis in
flammable gas and char denoted by index c, with mass
density is p. . The model of pyrolysis reaction is a one
step model:

Cellulose - Volatile fuel + Char.

The symbols Sa,,,Sa., will denote the saturation of
solid species in the solid phase, while Sa, and Sa,, will
be the saturation of gaseous and liquid phases in vegetal
phase.

The f-phase is a gaseous phase composed of
oxygen, nitrogen, flammable gases, steam and residues
of combustion. The mass density of this phase is de-
noted by p;, and the mass fraction of the species j by
Y.

We have simplified the general model in part I in
order to obtain the following system of equations that
we summarise in the following sections.

2.2. Equations in the p-phase

The balance of energy or thermal equation is

o7,
(1 - (p)ppC}I”'—p

ot =V ()”PVTP - Qpr) +Rep

+ (Tt = Ty). ()

Macroscopic scale

Vegetal phase

Brushwood

Air phase
Vegetal stratum

-
s
,Mesoscopfc scale Microscopic scale
/ , i
D — 2
L4 _ Phase R ———
airandgas — — — — — %
= Water
Ly
\ Gas phase “
Porosity @ .
Vegetal phase Solid phase

Fig. 1. Link between macroscopic, mesoscopic and microscopic scales.
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The quantities in Eq. (1) have the following meaning: T,
is the temperature of the vegetal phase, p, is the mass
density of the vegetal phase and @ is the mesoscopic
porosity, 4, is the equivalent heat conductivity and Q,,
is the heat released by radiation.

The heat capacity is defined by:

Ch=(1-¢" (Sawp %prp + Sa, % Cpcp)
P p

p Py
+ &P (Sagp % E Yigp Cp,'gp + Salp pi” Cp]p) (2)
p i P

with Cp;, the mesoscopic heat capacities. The chemical
heat source is given by:

Rep = =(1 = &7)(Saw, py, Ov, + Sai 0, 0v), 3)

where O, is the heat involved in pyrolysis and Q, is the
one produced by water vaporisation.
The balance of mass are for the cellulose

(-0 -asa,)
= —(1 = @)(1 = 67)Say, kuyc, (Tp), (4)
and for the char
% ((1 — @)1 - (fP)Sacppcp)
= (1= @)(1 = &")Say, py ke, (Tp), (5)
where the functions k; and k;, are phenomenological

functions that follow Arrhenius type laws.
For the liquid phase

0

3 ((1 — @)(ﬁpSa]p)) = —(1 - ?)é"Sa kv, (Tp). (6)
In the gaseous phase

0

P ((1 - @)gpsagppgp Yl-gp>

= —(1 = ®)(1 = 6®)ky,r,, (T5)Say, — K. | (7)

and for the mass fraction of flammable gases
0 .
(- @)emsagp, ¥,

= (1 = @)%k, (T)Sa, py, — K (8)

Vep

The functions K}:, , for i = v, F, correspond to the out-
flow of gases from the p-phase to the f-phase. The
densities p,, , p.,, and p, can be considered as constant.

2.3. Equations in the fluid f-phase
The energy balance is
oT;
®p,Ch (an + V- VTf)

=V [;fVTforf]+RLffx(Tf7Tp)v (9)

where Q,; is the heat released by radiation. The chemical
heat source is a function of temperature and of the mass
fractions of gases involved in combustion reaction, that
is Ry = Qertp(Tr) with ¢ = k(T)(p; Yer)"™ (prYor)™. The
heat capacity is given by Cpr = >, Y Cp;.

The balance of momentum is

oV

(Dpl- (F + VVt . Vt)

=—OVEh + Ppig+ V(AV - V)
+ (K1d — n®*k) Vi + pAVy, (10)

where 4 and p are the two viscosities of the equivalent
fluid, while # is the viscosity at microscopic level, k! is
the drag tensor, Id is the identity tensor, g is the gravity
and KPF =", K,F’f is the total outflow of gases from p-
phase to f-phase.

The balances of mass equations can be written
generically

0
& (Pp;Yi) + V- (Ppr Yie Vi + Jir)
= qsw,-+1<};i fori=F, O,, Ny,v,P, (11)

with @, = —v;Wp (T, Y, Yo,), @p = veWo (15, Y, Yo,),
and wy, = @, = 0. Moreover the outflows K};i are given
by the following relations:

oK

a;gp + Ky = K (T) (Y, i) fori=F,v (12)

T

and Kf}z’;i =0 for i =0,,N,;,R. The usual thermody-
namics relation is also verified:

Pr=pRTy Y Y/ Wi, (13)

2.4. Boundary conditions

As indicated in part I, the equivalent medium has
been obtained by averaging the mesoscopic quantities
with a smooth kernel with compact support. The
quantities associated to the p-phase are defined inside
the domain Q occupied by this phase, see Fig. 2 for the
definition of this domain. While quantities associated to
the f-phase can be extended to the domain outside the
vegetation, provide the parameters in relations Egs. (9)—
(14) are supposed to depend on co-ordinates, for ex-
ample the porosity is @ inside the vegetation and 1
outside, but because of the smoothing effect of the kernel
the porosity decreased rapidly but remains smooth.
Therefore the boundary conditions for the p-phase are
natural conditions while boundary conditions for the f-
phase at the interface between domain Q and the at-
mosphere are unnatural, they only indicate continuity of
quantities.
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Surrounding air Q

P Vegetal
I Stratum
Q

= ';-Sl-oil Sr Trunk
Q

Litter

Foliage

£y

hxy) Ground

Bushes

Fig. 2. Strata positions in the vegetation.

The boundary conditions at the interfaces between
vegetation and surrounding atmosphere, denoted by X,
and vegetation-soil denoted by X for the p-phase are:

VT, -n=h(T,—T.)+ M, onZX, (14)
VT, n=0 on X, (15)

where M, is the radiation heat flux from the flames above
the vegetation.
The boundary conditions for the f-phase are:

VI;'n=0 on 2, (16)
Vi=0 on2X. (17)

We must consider only that the quantities are continu-
ous across the upper interface 2. The temperature 7, in
Eq. (14) is the temperature of gases in the upper domain,
but as the temperature is continuous across the inter-
face, it is equal to the temperature in the f-phase. More
complex interface conditions between the vegetal phase
and the atmosphere could be used. But it seems that, due
to the size of the elementary representative volume, the
boundary layer due to the presence of the interface is not
so important. At the very end, the choice of these con-
ditions has no real importance here because we will not
match the outer and inner expansions in the asymptotic
expansion of the next section.

3. Reduction to two-dimensional modelling

Let us consider that the height scale of the vegetal
stratum is J, so that the equation for the upper part of
the vegetation can be written z = dh(x,y) with 71 < 1, see
Fig. 2. We can consider now a “gigascopic” scale L
associated to a developed fire or corresponding to a
distance from the flames front such that the ratio /L is
a small parameter say ¢. At scale L, vegetation appears
as a boundary layer and the fire can be considered as
spreading on a surface. We can put the system of
equations in non-dimensional form using L as length
scale, i.e., we consider the new co-ordinate X = x/L,
temperatures T, = (T; — T,)/T, for j=p,f. The tem-
perature 7, is an equilibrium temperature far from the

front flames. The unit time is the time for a cubic cell of
size 0 to ignite under the heat flux M,, that is
M,

t=t = ,
(1— @)p,Co, (T, — T,)0

p, and épp are relevant average values for the mass
density and the heat capacity. There is no relevant
characteristic scale for the velocity of gases, but we could
introduce the velocity of the gases far from the front
flame above vegetation. This velocity is mainly hori-
zontal. We will not rewrite all the system of equations
with these new variables, and will keep the same nota-
tions as previously. For sake of simplicity we suppose
that the ground is horizontal and that the height of the
vegetation is constant, that is /(x,y) = 1 so that the do-
main Q is defined by —oco < x,y < 00,0 <z< /L =¢.
Let us consider an asymptotic expansion of the preceding
system of equation, we introduce two new fast variables:

21 =z/e, t =t/e, (18)
all quantities will be expanded as:

f=folx,yitiznn) +efi(x,y 621, 0) + (. 521, 1)
T (19)

For doing the expansion, the following hypothesis will
be used:
(a) The vertical component w of the velocity will be
supposed such that w=0O(e), i.e., wo =0, it is
nothing but the fact that velocity is mainly horizon-
tal in this region.
(b) The temperature 7, and T; are of the same or-
der, at least at the upper interface of the domain.
(¢) The external radiative heat flux M, is of order e.
Hypothesis (b) can be justified by the fact that in the
upper part of the vegetal stratum, the vegetation size is
small and the contact surface between the two phases is
important so that a “relative” thermal equilibrium can
occur.

The expansion will be a multiple scale expansion in
time for the two phases and an inner expansion (in the
sense of matched asymptotic expansion) in the vertical
co-ordinate for the f-phase.
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We will detail the calculations only for the thermal
equations in the two phases.

3.1. Expansion in the p-phase

For expanding Eq. (1) one must replace

] 10 and o 10

- — =

ot &2 ot (4 ¢ 0z; ’

multiplying by &> one obtains the cascade of equations:
Order 1 (£°):

oT, T,
(1— qs)ppochOTI’(’ = I azg" for0<z <1,  (20)
1 1
oT,
gpl(’:o forz; =1, (21)
T,
%—Z‘T) =0 forw=0(), (22)

where p, is put for p,(T), for example. The solution of
Egs. (20)—(22) is the sum of a function of #,,z; which
tends to zero on the timescale ¢ and of an unknown
function of x, y, t that we denote by T (x,y,?).

Order 2 (¢!):

oT, ., T, 0O0ms
(1_¢)pp0CgOa—;:Ap0?$_?1p for 0 <z <1,
%:0 forz; =1,
621
oT,
—PL_0 forz =0.
621

The expansion at order 3 (&%) gives the equation:

o7,
(1 - (p)ppOCgO atpz
1

Ty, ( oT,
=Jpo 2+ | = PpoCrpo = + Zp0AsTho
P az% p0 P! at P P

- VS . Qrp() +ch0 + X(Tﬂ) - Tp()))

for0<z <1 (23)
T
XPO%:hL(TpOmeHMr for z = 1, (24)
Z1
% =0 forz =0. (25)
621

We have kept at this order the exchange term between
the two phases. Let us denote the term between par-
enthesis in the right-hand side of Eq. (23) by q, it is a
constant with respect to fast variables. In the multiple
scales expansion the function 7}, must be bounded, the
condition for this function to tend to a bounded limit
when ¢ — oo is that the system (23)-(25) has a
stationary solution, so that the solution tends to this

limit. And the condition for this system to have a sta-
tionary solution is:

! T,
/ ( —(1- Q)ppOC}EOa—;O + ApoAsTho — Vi - Qupo + Repo
0

0T, 1"
+ 1(Tho — Tpo)> dz; = — {Xpo?iz]

0

which gives the compatibility condition:

oT,
(1 - gD)ppOC‘II:Oa—;)O = ;VPOASTDO - VS : QrpO +ch0
+ 1 (T — Tpo) + M, (26)

the operators involved in relation (26) are surface op-
erators. This is a two-dimensional reaction diffusion
relation. Let us notice that the quantities at this order
can be approximated by their average on the stratum
that is:

1 &
Ty = - /0 Ty (x,y,z,t)dz + O(e).

The other equations for the mass balance are simply
obtained because they do not involved operators with
spatial derivative, so that asymptotic equations for Eqs.
(4)-(8) provide quantities are replaced by their average
on the stratum.

3.2. Expansion in the f-phase

The algebra is almost the same, but we must take into
account now that the expansion is a multiple scale ex-
pansion in time but an inner expansion in z and that the
boundary conditions are changed at the upper interface.
Let us detail the calculus for the thermal equation (9).

Order 1 (£%):

0T PTh
@pfoc{,()a—tl = = for 0 <z < 1, (27)
Tt :f(x,y, t) for z; = 1, (28)
T =0 forz =0, (29)
621

where f'(x,y,t) is an unknown function. The solution of
Egs. (27) and (28) is the sum of a function of ¢;,z; which
tends to zero on the timescale ¢ and of an unknown
function of x, y, ¢ that we denote by Ty (x, y, ).

Order 2 (&'):

oT; o’ Ty

¢ OTn f1

(pmePoa_[l = n az% for0 <z <1,
Tf] =0 fOI'Z] = 17

oT;

M _0 forz =0.

621

Here we have neglected the radiation heat flux.
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At order 3 (¢2) we obtain the equation:

0T
(ppfOCIEOT;;
PTn 0T
= = + (— pm¢c§0(§+ Vo - VsTh)
+ AmASTm + Rcf() - )((Tf() — Tp()))
for 0 <z; <1, (30)
Tf‘2:0 fOI'Z] :1, (31)
oT,
ﬁz =0 forz =0. (32)

Let us denote the term between parenthesis in the
right-hand side of Eq. (30) by «, it is a constant with
respect to fast variables. The function T}, can be written
as the sum v + vy, with:

o%v, ov

=—a, v(z1=0,4)= (z1=0,11) =0,

1
,maiz% = 6721
and
ov 0%

‘meclf)oa_tl = X“’a_z%’

ov
v(21:0,t1):—(21:0,t1):07 v(zhO)

@zl
given. v tends to 0 when # — oo and v; = —(a/22p)

(z2—1). But in order to match the expansion when
z; — 00, Tp must be bounded so that a = 0. And there-
fore the compatibility condition can be written:

oT;
PPCry (a—;U + Vo - VsTfo)
= AAsTio + Rero — 1 (Tro — Tpo)- (33)

Here again we obtain a two-dimensional equation, set
on the surface ground. The algebra is almost the same
for the equations of mass balance and balance of mo-
mentum and we obtain the two-dimensional equations:

0
=~ (PppYin) + Vs - (PppYio Vo + Jino)

ot
= Py +Kly (34)
oV
Py (é—tm + VsV Vm)

= —0VPy + Vs(AVs - Vi) + (K"'1dy — n®*;, ") Viy
+ uAsVi. (35)

3.3. About the two-dimensional models of propagation

In fact we can consider this set of equations as a
hierarchy of modelling with increasing complexity. The

first model is just Eq. (26). The parameters of this
equations 1i.e., ppo,Cg0 depend on the mass fraction of
the constituent of the p-phase, but at first approximation
we can neglect the influence of the gaseous phase in the
p-phase and consider that they depend only on solid and
liquid species. Therefore the model is the following (in
the equations below and in the following we will sup-
press the index 0):
(i) Model I

T
(I- (I))ppCFa—tp = ZpAsTy = Vs - Qi + Rep

+7(T = T,) + M, (26)
a-o0-ssa,)
= —(1— &)(1 — 6”)Say, ky, (T}), (4)
% (1= o)1 = 6782 p,,)
= (1= @)(1 — 6”)Say, Py ke, (1), 5)
0

= (1 - @)(67Say,)) = —(1 — @)EPSay ki v, (T,) (6)

with

p

) (Salp Py cmp> ,
Pp

and the heat source R, is a known function of tem-
perature.

As the functions involved in chemical kinetic are
supposed to be given this system is in someway closed.
The temperature 77 is the only internal parameter of the
model. Of course, the radiative heat flux on X incor-
porates all the effect of the “outer expansion”, i.e., of the
processes which take place outside the vegetal stratum
and it depends on external parameters as height and
temperature of flames above vegetation ...

It should be desirable to calculate the temperature of
the f-phase, then we must add Eq. (33) to model I.
However the chemical heat source term in the preceding
equation depend on the mass fractions of gases Y, so
that we must add the equations for balance of mass (34)
and the Eq. (12) for the outflows K,.I;i.

Therefore the second model will be:

(if) Model 11

Equations of model I plus

Pw Pe
Cg = (1 — gp) <Sawp TPCPWP + Sacp ppCPCp>
p

oT; ,
Pr‘pclf)(é—[f + Vi - VsTt) = 4AsTi + Ry — x(Tr — 1),
(33)
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a .

5(¢pfytf) + Vs - (@prifo + Jit‘) = Py, +I<1;;1;7 (34)
.pf
ig £ .

T atp —|—Kf;p = k' (T,)I(Yig, , Yir)- (12)

This model is closed (apart from the external quantities
as for model I) provide that the velocity field V; is given.
Of course the velocity plays an important role in the
propagation of fire because of the necessity to bring
fresh air to combustion.

Model III is constituted of model II to which equa-
tion of balance of momentum is added:

(iii) Model 1T

Equations of model II plus

ov,
(ppf (a—l‘f + VSV[‘ . V[)

= —®VsP; + Vs(AVs - Vi)
+ (KP'1dy, — n®°x5") Vi + pAsVr. (35)

For this model only quantities given by the outer ex-
pansion (i.e., external equations) are parameters. That is
the only parameter of the model is the radiative heat flux
M..

In part I we have considered the possibility for the
two phase to be at thermal equilibrium, at least in a large
part of the domain. In this case there a unique thermal
equation (Eq. (101) of part I) and it is interesting to
proceed to the same asymptotic expansion that we have
previously done for the two temperatures model. One
obtains the following model:

(iv) Model T

oT
pCPE + pe®CLV; - VsT

:/LquST“‘RC(T)_Fer +Mr+h(TSXl_T) (36)

with pCp = (®p;Ch + (1 — ®)p,Ch), Texe is an external
temperature associated to upper interface boundary
condition. Egs. (4)-(6) must be added to Eq. (36), with
T, = T. Of course in this modelling the combustion heat
source R, is not properly taken into account because it
depends on the gaseous mass fractions.

Models I and I' are reaction diffusion models re-
sembling to the one proposed by Provatas et al. [14] or
Weber [24,25]. Essential difference remains, they are
considered as inner expansions of a three-dimensional
model and they are coupled to the outer part of the
expansion by at least two terms. The first one is the
external temperature which cannot be considered as
constant, the second one related to the first one is the
non-local radiative heat flux M,. The possibility of esti-
mating these two terms remains unexplored and is
closely related to the domain of validity of the expansion
derived here. This expansion cannot be uniformly valid
because close to the flame or inside it, the dominant term

in the thermal equations are the chemical heat sources
and the vertical component of the velocity cannot be
neglected, the phenomenon in this region should be es-
sentially three dimensional.

4. Simulation of the simplest previous model

In this section we explore the consequence of model I
that we derived in the preceding section. We will first
neglect the internal radiation heat source Q, versus the
external radiation heat source M,, see [2]. Let us analyse
the chemical heat source. A typical thermo-gravimetric
(TG) analysis law giving the loss mass of a piece of
vegetation during heating as function of the temperature
is given by Fig. 3.

If the activation energy is important the curve is very
stiff. At first approximation we can consider that the loss
mass is null before a certain temperature of pyrolysis
and is a given temperature function after this value. The
pyrolysis is a reaction weakly endothermic so that we
can neglect O, in the chemical heat source. The region
in the forest (the burning region) where the pyrolysis
occurs is reduced to a curve, this curve can be considered
as a first free boundary. This analysis is equivalent to say
that the characteristic time for chemical reaction of
pyrolysis is much smaller that the characteristic time
of fire spreading. Moreover if we neglect the time of
chemical reaction of combustion we can assume that the
temperature of pyrolysis is also the temperature of ig-
nition Tj,. The same kind of analysis can be made for the
drying: there is no evaporation before a certain tem-
perature T.,. After this temperature the heat vaporisa-
tion is greater than the accumulation term p,C} (07, /0r)
in the left-hand side of the temperature equation, so that
we can neglect it. As the front of pyrolysis and the front
of drying are assumed to be sharp we can neglect heat

A
Am/m (%)

100

60
40

1 1
0 200 400 600
Temperature (°C)

1 1 1 I

Fig. 3. Mass loss.
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conduction in the vegetation. Therefore there is two free
boundaries, the first is the fire front defined by an ig-
nition temperature 7j,, and the second is the drying zone
defined by an evaporation temperature 7.,. Now the
heat source term M, is produced by the flames above the
surface neighbourhood, and we must evaluate this term.

4.1. The model

We can consider non-local radiation. The radiation
transfer M, is given by the product of convolution:

M, (M, 1) = / p(P,)E (P,M)dw (37)
JQ
with:
o(P,t) = (Sth(P)gT“(P, £) (38)
and
_ K(P)
M) = ¥ip

(1 + sin® o) (1 — sin o cos( — ;)
cos? o

xexp(—K(P) IIMPH>7

(39)

K = fa/4, is the extinction coefficient.

See Appendix A for the derivation of such simplified
Egs. (37)-(39) for radiation heat transfer.

We consider equation set (26) in dimensional form,
taking into account the preceding assumptions. We de-
note H, by the vegetation moisture, p, by the load or the
surface density of the vegetation, 7 by the temperature,
the density lower bound of extinction is denoted by p;,
it corresponds to the density of pyrolysis residues.

The system is the following:

(i) Before the fire font: 7' < Tig, H, > 0 and p, > poy

or
(1= @)p, (C.+ H,C) 5= M, — (T~ T,)
if T < Ty,
0H,
- ppLevF = Mr - h(Tev - Ta) (40)

if T =T, and H, > 0,

(1 - (p)ppcsaa_zv =M, - h(T - Ta) if T> T,
where C; is the heat capacity of the solid constituent of
vegetation, C,, is the heat capacity of the water; / is the
heat loss coefficient, L., is an evaporation latent heat, 7,
is the external temperature.
(ii) In the burning zone: 7 > Ti, H, = 0 and p, = pey
The temperature is constant and equal to the ignition
temperature:

I'=T, (41)

the variation of mass due to chemical reactions

%,

o P,t) =v,(P,t — tig)pp(P, 1), (42)

tig is the instant of ignition and v, characterised the speed
of the chemical reaction, one can consider an Arrhenius
law:

v (P,t —t,,) = Aexp(—E/RT). (43)
(iii) In the burnt zone: T < Tiy and p, = pgy-
T=T, (44)

The non-local term for the radiation term is principally
similar to the one used by Dorrer [§8], as almost model
see Albini, Provatas, Weber it contains a cooling term,
but we have neglected the conduction (or diffusion).
This hypothesis is not a real defect, the corresponding
effect could be included in future simulation, and it
is consistent with the hypothesis of sharp front of
drying and pyrolysis. The main difference is in the
treatment of heat source term including the drying of
vegetation.

5. Result of numerical simulations
5.1. General results of simulations

This section is devoted to the numerical simulation of
model I (37)—(39). Before doing any numerical compu-
tation let us put the system on a non-dimensional form.
We consider the characteristic time:

P.C,(T, — T,
=P T4/ b ‘g4 "), (45)
S TAK?
where P, is the maximum load, K, is a characteristic
extinction coefficient. With the non-dimensional quan-
tities:

P,
p=2 4
p 40

The star on the new variables has been omitted. The
non-dimensionless parameters involved in the model
are:

Pt = Pt /Py Loy = Le
ext — fLext I ev — Cp(T; _ Ta)v
(T — T,)Kh Cy

h= U o= 47
hiaBTF C, 47
T — T,

Ty=-2" 0 = 48
Tig - ch Dg \/ghf ( )

If we consider the following values for the physical
constants:
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Land v4.02a

L] ES

Fig. 4. Propagation of a fire d = 0.5, and humidity is 7%.

Cp = 2400 J/kg K cosop = 1

d=1m K=pfo/4=02m"
h=44]1/m’ s K Lo, = 2.25 x 109 J/kg
T, =300 K T, =373 K
he=2m T; = 1200 K

he is the height of flame.

With f=2x1036=400m ', 4=5x10"3s7!,
E =1.398 x 10° J/mole,R = 8.314 J/mole K and 0 <V
<10 m s7!, we obtain Cy, = 1.74,4 = 20,h = 0.28, v, =
0.79, P = 0.1, Ty = 0.24, L, = 3.12,and 0 < v, < 2.27.

We have used an explicit Euler algorithm in time. In
the following simulations we will test the effect of wind,
slope and humidity.

If we consider a ground vegetation (the area occupied
by vegetation) density of d = 0.5, there is no wind and
slope, we obtain a circular front fire as it is foreseen. The
radius and the area of the burnt surface are plotted on
Figs. 4-6.

If we consider a fire with wind for low value of the
wind velocity the shape is elliptical. But when the wind is
increased the shape does not remain elliptical (see also
Fig. 7):

This shape is similar to the one which can be ob-
served experimentally.

We can now consider the effect of the slope on the
propagation. Let us consider a fire ignited between two
hills:

One can see Fig. 8, the effect of slope on the fire.
Along a slope the fire climbs faster and the top of the hill
can be isolated.

20

15¢

10

0

Fig.

b Radius of

 The fire front
. . . Step
20 40 60

5. Evolution of the radius and the burning surface.

A
Burning
600' or
Burnt arca
400}
200}
. . _Step
0 20 40 60

Fig.

6. Evolution of the radius and the burning surface.
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Fig. 7. Evolution of a fire with wind.

Fig. 8. Evolution of a fire with slope.

5.2. Percolation density density occupation is not sufficient the fire will not
propagate. Therefore there is a threshold above this
We can study the influence of the vegetation density threshold the fire will propagate to infinity under this

on the propagation in an homogeneous forest. If the threshold it will extinguish. This phenomenon is similar
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to the critical density in percolation theory. This critical
density depends on the parameters of the simulation.
For a height of flames providing an influence neigh-
bourhood of 30 cells grid points in each direction and a
humidity of 7% we obtained for example a critical
density of 0.34.

We can now plot this critical density as a function of
the other parameters. As one can see in Fig. 9 there is an
upper value for humidity. Above this value the fire will
never propagate and it can be called extinction humidity.

Let us notice in Fig. 10 that near the critical density
the fire front is no more circular, and posses some fractal
structure. It means that the envelope model where the
simulations are based on a normal velocity of the front
should be inadequate in this range of parameters.

Of course other type of information can be provided
as temperature or intensity of the fire, humidity and
load.

d, A Percolation
0.9 | Density
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

Extinction
humjdity

initial
Humidity
0 20 40 60 80 100

Fig. 9. Critical percolation density as a function of humidity.

+ Burning Land v4.020

6. Conclusion

In this paper we have seen that, with reasonable as-
sumptions, models of propagation for forest fire can be
obtained from combustion models of vegetation. By an
asymptotic expansion, with the height of vegetation as
small parameter we have obtained several possible two-
dimensional models. As indicated, only the inner ex-
pansion has been provided, so that the results, although
interesting are incomplete. The more complex model,
denoted by model III is adapted for vegetation weakly
compact where the gas flow plays a prominent role. This
model provides velocity, temperatures and mass fraction
as well, in the vegetal stratum. Model II is an inter-
mediate model where the velocity of gas in the vegetal
stratum is supposed to be known. Model I is a reaction
diffusion model, very similar to the ones postulated
previously and it is physically relevant. Then the link
between the so-called physical models and the combus-
tion models is obtained. The assumptions made for
doing the asymptotic expansion are valid outside the
flames, probably in a domain which can extend to a zone
relatively close to the flame. In the burning zone the
preceding expansion is no more valid and an other
asymptotic analysis should be done (inside the vegetal
stratum). In this new analysis the main component of
velocity should be vertical and the dominant term in
thermal equations should be the chemical heat source. A
very similar problem has been treated comprehensively
by Joulin [11] for the study of particle-laden gaseous
flames. Among the three types of models cited, model I
is the simplest and it has been simulated numerically
neglecting the heat conductivity inside the vegetal

Fig. 10. Shape of the fire near the critical percolation density, d = 0.35.
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stratum. This model is not really different from the one
cited by Weber, that is Albini [2,3] and Catchpole et al.
[4,7]. All these models differ only by the expression of
the radiative term. The main contribution of this paper
is to show that from a general model of combustion
several models of propagation can be derived, and the
one presented here is only a very particular one. In order
to cope with wind and slope the radiant heat flux coming
from the flame has been evaluated as a non-local con-
volution integral. And one can see that the estimation of
the heat released by the flame is a crucial point for using
these types of two-dimensional reaction diffusion models
for determination of fire propagation. In the numerical
simulations two free boundaries have been considered,
the drying front and the pyrolysis front. Let us notice
that the modelling of the drying and pyrolysis with sharp
interfaces, as well as the dropping of heat conductivity
has some advantages: the code is stable and fast. Real
time simulations can be done in a PC.

Without a proper estimation of the radiant heat flux,
two-dimensional simple reaction diffusion models, as
model I, cannot pretend to simulate the propagation of
fires. But in spite of their simplicity, they can provide
good insight of the propagation of the front flame. For
example the density of percolation, can give a significant
index of danger provide it is evaluated for different
heights of flames.

Appendix A. Derivation of the incident radiation M,

It is impossible to give a closed form expression for
the radiative flux without calculating the outer expan-
sion of the asymptotic expansion. In this appendix we
only estimate M, (M) at a point M in front of the burning
domain that comes from the flame. The porous vegetal
layer is assumed to be an absorbing—emitting grey me-
dium. We assume that the flame is a perfect absorbing
medium and that the gaseous phase out of the flame is a
transparent medium so that heat fluxes Q;Q, are null
out of the flame domain. The flux Q,, is related to the
radiative intensity L by the expression:

Q.. (x, t):[‘ L(x,u,7)udQ, (A1)

where dQ is the elementary solid angle in the direction u.

The radiative intensity is supposed to satisfy the
equation of transfer in an absorbing and emitting me-
dium:

V- (Lu) = —KL +1, (A2)

with K the extinction coefficient and /(x, u, #) the source
function given by:

I(x,u,7) = al’(Ty(x,1))

+E/ L(x,u,1)®(x,u,u')dQ". (A3)

with a the absorption coefficient, o, = K — a the scat-
terlng coefficient. L is the blackbody intensity L°[T,] =
B(T,)"/n and ®(x,u,u’) the phase function for scatter-
ing. B is the Boltzmann number.
From relations (A.1)—(A.3) we derive by integration
that the divergence of the flux Q,, is given by

V- (Qu(x,1) = a(M)(4nL’(T;) — M(x,1)), (A4)

where M (x,t) = [, L(x,1,t)dQ is the incident radiation
and L° is blackbody s 1ntens1ty. From Albini [2], an
isotropic repartition of convex particles leads to
a=¢(l —®)o/4and o, = (1 —¢,)(1 — ®)a/4, where ¢,
is the solid porous emissivity and o is particle surface to
volume ratio.

We consider now a surface 02 that surround the
point M (cf. Fig. 11). Then if we assume that the vegetal
phase is a blackbody, integration of (A.2) and (A.3)
leads to

L(M,u, 1) = L(0y,u, ) exp(—k(s))

+ /0 w0

X exp [ — (k(s) — k)] dK, (A.5)
where k(s) = [; K(s')ds’ and s = [|O,M]|| with O, the

1ntersect10n point of the radiative beam arising from

M = x in the direction u with the surface 0Z. Surface

and volume differential dS and dV are linked to differ-

ential solid angle dQ by dS = (|MO,]||*/ii - 4)dQ and
= |MP|*dkdQ/K(P) so that

MM, ) = L(0y,u,2)&(0y,
visible t?om M

+ ®(P,1)E(P,M)dV, (A.6)

K(P)L[T,(P,7)] and  ¢(P,M) = exp

M)n - udS

where @(P,t) =
[—k(|MP])]/[MP]]".
The blackbody assumption does not really change
the radiation balance according to Albini study [2].
Incident radiation is the sum of two terms. The first
one is related to boundary conditions and can be ne-

1D S
! sf;rroun"(llgg pomm
1 . D \*
Puming

| zone "PFlame  Vegetal stratuni

o\

Fig. 11. Integration volume & and fire area
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glected while the second is related to local emission at
point P and to the attenuation through the beam from
point P to point M. The second term is the sum of the
radiation M;(M,¢) coming from the flame, radiation
coming from outside the flame and from the local
emission 41K (M)L°(T,) around the point M. All terms a
part from the flame radiation can be neglected, so that:

MM, t) = My(M, 1), (A7)
where
M (M, ¢t) = / oP,HEP,M)dV (A.8)

with Qr the domain occupied by the flames.

For calculating M;(M, ¢) the integration runs on two
sub-domains: the part Q, in the vegetal stratum and the
part Q, above it. One can neglect this first integral and
consider only the flame above the stratum. Now in the
term ¢(P,M) of (A.8) we can choose k(|MP|)=

A
K(PMPD)||MP|| with the following anisotropic coeffi-
cient.
A
(1 + sin’ o) (1 — sin o cos(MPD))
cos? af

K(P,MPD) — K(P)

(A.9)

where the flame is inclined to the normal to the floor
plane by an angle o due to the wind, and MPD is the
angle between the inclined flame direction and the seg-
ment [PM). The inclined flame direction is the local wind
direction. Here, the the anisotropic length of attenuation
are choose elliptical. This relation is similar to Dorrer [8]
anisotropic extinction coefficient but Dorrer choose el-
liptical extinction coefficient instead of elliptical length
of attenuation but there is no rigorous proof.

Now, the above three-dimensional relations (A.7)—
(A.9) should be reduced to a two-dimensional one on the
forest strata plane .% that can be locally considered as an
inclined plane (cf. Fig. 12). We assume that 6 < L, i =
0O(d) and 1/K = O(9).

Let Q} be the fire domain on the plane .. Then we
consider a point M, on the plane %, in front of the fire
domain and a point P, on the plane %, into the fire
domain. Let ¢ the angle between the segment [P, M] and
the line of highest slope p at point P. The line p is di-
rected by the vector k. Let n be the normal to the plane
& at point P and k* the orthogonal vector to k and n.
The flame shape at point P is defined by the straight line
D and by its height 4. This height is supposed to be
known. Then let d be the projection of D onto the plane
& . The direction of D is given by the two angles «; and
¢ (cf. Fig. 12).

From relation (A.8) one obtains by projection

M,(M,£) = SM(M, f) = / o(P,)E(P,M)dS  (A.10)

Q?

ZA
Flame , D Flame direction
7
o o tants 3
¥ . ’ ( Projection of
oy ’} LineDon S J
4 v hy d
v . _--_ Highest
n\J _o ) fpf/E-? P dope
4 o
£ =
5 : 2/ 2
(o] T X
Fig. 12. Shape of the flame.
with
K(P)
EP,M) = )
M) = v
X exp ( _K(P) (1 4 sin”og)(1 — s21n ar cos(p — ¢r)) ||MP||)
cos? o
(A.11)
and
o(P, 1) = ohK(P)T*(P, 1). (A.12)

Relations (A.10)—(A.12) are relations (37)—(39) for the
incident radiation M, (M). Note that we use a projection
of incident radiation to obtain the two-dimensional in-
cident radiation. This is not a rigorous proof but it leads
to the interesting above isotropic two-dimensional inci-
dent radiation.
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